
Viscosity in an Electric Field of Mixtures of Polar Gases with Argon and Helium 
A . C . L E V I , G . S C O L E S , a n d F . T O M M A S I N I 

Gruppo Nazionale di Struttura della Materia del C.N.R., Istituto di Scienze Fisiche, 
1-16 132, Genova, Italy 

(Z. Naturforsch. 25 a, 1213—1219 [1970] ; received 11 May 1970) 

The influence of an electric field on the viscosity of mixtures of polar gases with argon and 
helium has been measured using a capillary bridge. The relative change of the viscosity coefficient 
r]3 has been obtained in this way. A theory of the effect is sketched along similar lines to those 
fo l lowed by Tip f o r the magnetic case. The half value of the field is shown experimentally to be 
linear in the concentration. Moreover, a comparison of the experimental data with the theory yields 
cross section ratios of noble-polar collisions versus polar-polar collisions, both for the reorientation and 
for rotational energy transfer. The reorientation collision frequencies are compared to those ob-
tained from non-resonant microwave absorption. 

Introduction 

The study of the Senftleben effect, i. e, of the 
transport properties of polyatomic gases in external 
fields 1 is a useful tool for the investigation of the 
non-spherical part of the intermolecular interaction 
and the mechanism, not yet fully understood, for 
internal energy transfer in such gases 2. 

As has been shown in a previous paper3 , here-
after referred to as I, the change in the viscosity 
of a polar gas in an electric field occurs at higher 
and higher molecular precession frequencies as the 
dipole moment of the molecule increases. 

This shows, in agreement with the existing theo-
ries 4 ' 5 that the half-saturation field value of the 
dispersion-like saturating curve, typical of this class 
of phenomena, is proportional to a cross section for 
molecular reorientation that increases with the mole-
cular dipole moment6. 

However, a more direct test of the theory is af-
forded by mixtures, whose concentration is an ad-
ditional parameter, easy to vary experimentally and 
inequivocal in nature. 
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The change of the viscosity in an electric field 
has been measured for thirty mixtures of four polar 
gases (NF 3 , CH3C1, CHC13 and CH3CN) with argon 
and helium. Mixtures of ammonia with noble gases 
have also been studied, but, due to the physically 
unusual properties of NH 3 , they display some ano-
malies and will be presented in a separate paper7 . 

The information to be extracted from the present 
measurements is a rather precise evaluation of ratios 
between cross sections of polar-noble and polar-polar 
collisions of different types: mainly reorientation 
cross sections and also energetically inelastic cross 
sections. This evaluation concerning ratios is na-
turally more precise than the absolute estimate of 
the same cross sections for a pure gas obtained in I. 

A theory of the viscosity of mixtures in external 
fields has been given by TlP 8 along lines similar to 
the existing calculations for a pure gas 9 but using 
the "variational" method for mixtures 10. 

Two observations are in order at this point: Tip 
uses the classical equation of T A X M A N n , analogous 
to the one used by K A G A N and M A K S I M O V 12 in 
their well known theory of the Senftleben effect, in-
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stead of the quantum-mechanical Waldmann-Snider 
equation1 3 , 1 4 ; besides Tip's theory concerns pri-
marily viscosity in a magnetic, rather than electric, 
field. 

In § I Tip's theory is recalled in a slightly modi-
fied and generalized form, apt to a treatment of the 
electric case. In § II the experimental apparatus and 
results are given. In § III the experimental data are 
compared to theory, whose results appear to be well 
verified, and the cross section ratios are obtained. 

I. Theory 

In this Section a theory of the field effect is 
sketched, using the same methods and notation em-
ployed for the pure gas in I. The present theory 
is essentially the same of Tip's, the main difference 
being that the field (super) operator will have the 
properties corresponding to the electric field. 

From the start the treatment will be limited to 
binary mixtures of a polar gas p with a noble gas n, 
corresponding to the experimental situation. In place 
of Eqs. (2) to (8) of I there will be then two Chap-
man-Enskog equations: 

- 2 [ W p ] (2) = z p <rppBp + xnVpn (Bp + B n ) 
- (i/h) [//field» Bp]» 

-2[Wn](2)=Xp^np(Bp + Bn) + xnVnnBn (1) 

where and ^jj — 1 3/p src the concentrations. The 
viscosity is: 
T) = „ k T (xp ( [ W p ] ® : B p ) + z„ ( [ W n ] (2) : B n ) ) . 

(2) 

It is convenient to introduce the field operator 7 , 
defined by 

? X = - (i/h)[H{ield,Z] (3) 

and the concentration-dependent collision operators 

Cpp = XP ^pp + â n̂ pn j 
CPN = XN 5 , . . 

r -<r <r (4) 

Cnn = ^np + ^n^nn • 

Moreover, the simple notations 

K=V2[WP](2\ H=V 2 [Wn](2), 
1 l (5) 

X = _ ]/ 2 ®p ' Y = ~ f2 ®n 

13 L. WALDMANN, Z. Naturforsch. 12 a, 660 [ 1 9 5 7 ] . 
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will be used. The tensorial character of the quanti-
ties involved will not be taken into account for the 
time being. Finally a scalar product will be defined 
as n times the average of the product of two quan-
tities: if the latter are tensors, the appropriate con-
tractions shall be taken. With this simplified nota-
tion, Eqs. (1) become 

K=CPPX +CVNY + 7X 

H —CNP X + Cnn Y 

and Eq. (2) becomes 

-rj/kT = Xp{K,X) +xa(H,Y). (7) 

Equations (7) and (6) should be compared to 
Eqs. ( A l ) and (A2) of I for the pure gas. From 
here on the treatment parallels closely the variatio-
nal method for the pure gas used in Appendix A 
of I. 

X and K are vectors of a Hilbert space !HP , for 
which a basis { ^ i } will be chosen and the following 
properties assumed: 

= K ; CPP) ik = 0 unless i, k = 1 , 2 , or k = i; 

7 ^ = 0 ; ? 2 2 = 0 ; (8) 

Analogously, Y and H are vectors of another Hil-
bert space 7 i n . They will be taken to be parallel to 
each other with the definitions 

xp0=H; (H, Y)=Y0; Cnn, oo = (H, Cnn H) (9) 

Finally, the operators Cpn and Cn p , mapping J~ln 

into H p and viceversa respectively, will be assumed 
to have the properties 

CPn,io = CnP(oi = 0 unless £ = 1 , 2 . (10) 

Moreover, the "diagonal" matrix elements of the 
collision (super) operators (and also Cpn, io and 
Cnp>0i) will be considered to be large in comparison 
to the "non-diagonal" ones coupling xp2 t o Wi 

W 
A variational procedure will be used by choosing 

in Up the set {xpx, xp2, Wi} (where rpi is any vector 
such that J2i = — 4= 0) and in !Hn the only vector 

. Then scalar products are taken of the Eqs. (6) 
with the vectors chosen, obtaining 

1 = Cpp, 11 + £pp. 12 + Cpn, 10 Fo 5 

0 = Cpp, 21 Xi + Cpp> 22 X2 + Cpn> 20 ^0 + 2 k^ik X^ 
3 

0 = C p p , u X i + y a-^2k X h , ( i = 3 , 4 , . . . ) , 
3 

1 = Cnp, oi XI + Cnp> 02 X% + Cnn, oo Fo • (11) 



(12) 

In the field-free case, the Eqs. (11) become 

1 = Cpp> ii Xf + Cpp( i2 X2° + Cpn> io 
0 = Cpp> 12 Xf + CPPj 22 X2° + Cpn> 20 Yo°> 
0 = CPPj a Xj® (i = 3, 4 , . . . ) , 
1 = Cnp, 01 + ^np, 02 -^2° + "̂nn, 00 

These can be approximated by 

1 = C p p , 11 + Cpn> 10 T o 0 » 

0 = CPPi 22 ? 
0 = Cpp> a Xj® (i = 3, 4 , . . . ) , 

1 = CnP) o i X f + C n n > oo T 0 ° 

with the solution 

Xf = (Cnn, oo - Cpn, io) d = a ( 5 - 1 , 
F o 0 = ( C p p , n - C n p , o i ) ö-i=ßö~i, 

Y 0 _ _ CPP,21 ^1 +Cpn, 20 ( 1 4 ) 
C p p , 22 

Zi° = 0 (i = 3, 4 , . . . ) 

(13) 

where 
= C-pp, 11 t^nn, 00 -C pn, 10 t-'np, 01 (15) 

From the Eqs. (14) , using (7) and the definitions 
(4) the usual expression for the field-free viscosity 
of the mixture is obtained: 

= -kTÖ~i(Xpa + Xüß). (16) 

Subtracting now the field-free Eqs. (12) from the 
general system (11) and neglecting small terms the 
two sets of equations 

0 = CPP, II AXI + CPP, I2 A X 2 + CPN, IOZIFO, 

0 = CNP) OI AXI -F CNP, 02 AX2 + CNN> OO AY O 

and 

0 = C p p , 22 AX2 + 2 K^2K XK , 3 
0 = CPPI U X{ + J® X 2 ° + ? I 2 AX2 

(17) 

(18) 

+ 2 kJikXk ( i - 3 , 4 , . . . ) 
3 

are obtained. The set (18) refers only to vectors be-
longing to Xp , the subspace of JJP orthogonal to K, 
and is completely equivalent in Xp to the operator 
equation 

C ^ A X + 1 X ° + J : A X = 0 ( 1 9 ) 

where Cp°p is the diagonal part of Cpp . The solution 
of (19) is 

AX= - ( C ^ + J ) - 1 ? * ® (20) 
and in particular 

A X 2 = - [ ( C g > + 7 ) - 1 J ^ X Z 0 . (21) 

This can be substituted into the set (17) , to get 
AXX and z!F0 and hence the change in the viscosity 

ARJ= — kT(xp AX\ + xn AYQ) . (22) 

The field dependence is already completely con-
tained in (21) . Comparing this to Eq. (A-25) of I 
giving the field dependence of the effect for a pure 
gas, one sees that the forms are identical, except for 
the substitution of with 

Cpp = Xp ^Pn XD ^pn • (23) 

A consequence of this is that the field effect is ap-
proximately given by the function /i(|) from M I K H A L -

L O V A and M A S K I M O V ' S theory 4, with the parameter 
$ inversely proportional to a collision frequency 
linear in the concentration, i. e. with a half-field 
linear in the concentration. 

£ is given by 

&>prec 1 = 
X p ft>pp + ^ n 

(24) 

where coprec is the precession frequency and copp and 
copn are collision frequencies for p-p and p-n col-
lisions respectively. Hence the half-field is given by 

(E/p)b = (E/p)h Xv=i(xp + xn y) (25) 

where y = copn/wpp . 

It is remarkable that the Levi-McCourt-Tip (LMT) 
approximation5 would lead to a half-field of the 
form 

(E/p) i = (axp + bxn)^(cxp + dxn)i (26) 

non-linear in the concentration: the (E/p)% vs. xp 

curve would be concave downwards. 
To obtain the saturation value, one has to solve 

the set (17) , using (14) and (21) , and then to sub-
stitute into (22) . The result has a rather complicat-
ed form. However, because of time-reversal, the fol-
lowing equalities hold: 

^pp, 12 = e2 ^pp, 215 ^pn, 10 = ^np, 01 ? ^pn, 20 = £2 ^np, 02 
(27) 

where e2 is 1 if \p2 is even under time reversal, — 1 
if it is odd. With the help of these relations the 
saturation value can be written 

( V 1 A r j ) sat = 
( C p p , 21 fl~t-Cpn, 20 ß) 2 

2*p 8Cpx>,22(xpa+xaß) [zts> 

which agrees with T I P ' S result8 when ip2 is taken 
to be proportional to in which case e2 is 1. 



1216 A. C. LEVI , G. SCOLES, A N D F. T O M M A S I N I 

Formula (28) can be rewritten with the help of the effect for the pure polar gas: 
lArf\ _ (Arj\ r]mix (*p + x n 2 l / ^ p p , 21 + * n 2 o / ^ p p , 21 (ß/a))2 

U ' n 1 Sat> X p = 1 VP (xP + Xn 22/^pp, 21) (*p + xn (/9/a) )2 

and taking into account the kinematic factors 

Ar] 
V sat , x p = 1 

^mix I Xp + Xn 

where the parameter £>, given by 
2 (mn + mp) 

mn 

© p n L 2 1 

^PP, 21 

Vv 

( 3 1 ) 

is (approximately) the ratio between energetically 
inelastic collision cross section for p-n and p-p col-
lisions [however, the collision brackets appearing in 
(31) are non-diagonal and do not represent cross 
sections proper]. 

II. Experimental 

2(mp+mu) 1 + mp p 
77in o. 

(xP+*n r) (xp+xn(ß/a)) 
(30) 

the velocity gradient is dvx/dz. Then following the 
nomenclature adopted in Ref.17 the quantity of interest 
in the measurements is Ar]Jrj0 . 

The results obtained are plotted in Figs. 1 and 2 as 
a function of the ratio E/p (field/pressure) for two ty-
pical mixtures at different concentrations. For all gases 
and all concentrations the experimental points can be 
fitted well by curves corresponding to the function /x(£) 
given by the theory of M I K H A I L O V A and M A K S I M O V 4 . 

From this fit the parameters (<4%A?o)sat and (E/p)i/t 
can be obtained as a function of the concentration xp 

and are plotted in Figs. 3 to 6. 

The experimental method has been described in I. 
The mixtures were prepared in a 40 liter volume and 
the concentration was controlled by reading the pres-
sure with a mercury manometer first when only one 
gas was present, then after the mixing had taken place. 
Any corrections due to real gas effects were smaller 
than the reading errors. The experimental error in the 
concentration was less than 2%. 

The mixtures flowed into the apparatus through a 
non-throttled capillary whose diameter and length were 
1 mm and 10 cm respectively. These conditions ensured 
that no fractioning took place. The gases employed are 
listed in Table 1, together with their purities. 

The four polar gases chosen have very different val-
ues of the dipole moment; also the molecular shapes 
are different, two being prolate and two oblate sym-

Gases 

Purity 

NF 3 

99.9% 

CHC13 

> 99% 

CH3CI CH3CN He Ar 
> 99% > 99% 99.99% 99.99% 

Table 1. Purity of the gases employed. 

metric tops. Besides, the absolute value of the shear 
viscosity for these polar gases, with the exception of 
NF3 , is known from direct measurements15; the visco-
sity of NF3 was estimated from the thermal conducti-
vity, using the Eucken factor 2. 

Since the capillaries forming the bridge16 have a 
rectangular cross section whose height is very small 
compared to the width, if z is the field direction and x 
the flow direction the only non-vanishing component of 

III. Discussion 

In Figs. 3 to 6 the experimental results are com-
pared with theory. On the right, the half-value of 
the field is plotted versus the concentration. A linear 
relationship between the two quantities is found for 

r M 
- v 

10 

0.1 

// 
/ / • x p = 62°/o 

+ xn= 31.8% 
» Xn - 4 7 5 % 

V 

k / 

- J 
NF3-Ar 

I I I I I I I I I 
10' 10J E/p(Volt cm'torr ') 

Fig. 1. Ar/JrjQ vs. E/p for the mixtures of NF 3 with Ar. 
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E/p (Volt cm' torr"') 

Fig. 2. AT]3lr]0 vs. E\p for the mixtures of CH3C1 with He. 
The left-hand scale refers to the low concentrations of CHSC1, 

the right-hand scale to the high concentrations. 

all mixtures in agreement with the theory of Ref. 4 

and in contrast to Eq. (26) 17a. This linearity 
shows that one J-dependent term in the expansion 
of Bp in the Eq. (1) suffices: in particular, there 
is no appreciable contribution from terms odd in 
J 18. On the left of each figure the saturation value 
of the effect, evaluated from Eq. (30) for several 
values of Q, is plotted versus the concentration. The 
comparison with the experimental data, also report-
ed, allows the determination of Q. 

Table 2 gives for each mixture the values of y, 
r and Q; y is the ratio between the reorientation fre-
quencies for polar-noble gas collisions and polar-
polar collisions, r is the corresponding cross section 
ratio 

r (mp+mn) ^ (32) 

and Q gives roughly the cross section ratio for in-
elastic collisions. 

Polar d _ I A Noble 
gas (Debye) x ~ I c gas 

/ H e iPAr 

*"Ar £>He 

NF3 
He 0 . 1 2 0 . 0 3 9 0 . 1 

NF3 0 . 2 3 4 0 . 5 5 Ar 0 . 5 1 0 . 4 3 0 . 8 4 
1 1 8 . 4 

CHC13 1 . 0 1 3 0 . 5 1 
He 0 . 0 8 0 . 0 2 0 . 0 8 

1 3 . 5 8 . 4 
Ar 0 . 3 9 0 . 2 7 0 . 6 7 

CH3C1 1 . 8 7 1 1 . 6 
He 0 . 1 5 0 . 0 5 7 0 . 3 6 

8 2 . 7 
Ar 0 . 4 8 0 . 4 5 0 . 9 8 

CH3CN 3 . 9 2 1 7 . 3 
He 0 . 0 4 0 . 0 1 7 0 . 3 2 

1 0 . 6 3 . 7 
Ar 0 . 1 8 0 . 1 8 1 . 2 

3 . 7 

Table 2. I\ , IQ are the moments of inertia around an axis 
perpendicular to the figure axis and around the figure axis 

respectively. 

It can be seen from Table 2 that for molecules 
with the same structure r depends strongly on the 
molecular dipole moment d, the more polar one hav-
ing the smaller r. This is easily explained by the 
fact that the dipole-dipole interaction is much more 
effective for reorientation than the dipole-induced 
dipole interaction. However, r is also sensitive to 
the molecular shape (compare CHC13 and CH3C1). 
The ratio /Ar/nie is remarkably constant and is 
about 10. 

On the other hand, Q depends only on the mole-
cular shape: for example in the case of helium Q is 
about .1 for the oblate molecules and about .3 for 
the prolate ones. This corresponds to the fact that 
the inelastic collisions are hard collisions, much 
more sensitive to the geometrical shape than to the 
dipole moment. A small projectile (helium) is much 
more effective when it hits a cigar than when it hits 
a pancake. For a large projectile (argon) it does 
not matter too much. Indeed, QAT/QEB is about 8 for 
the oblate molecules but only about 3 for the pro-
late ones. 

Polar Noble />Ar\ 
^ S e n f t l . r s e n f t l ^ m w r m w ( gas gas 

r A r \ 

He/ SenftlAUe/mw 

C H , C 1 

C H F . 

He 0 . 1 5 

Ar 0 . 4 8 

He 
Ar 

0 . 0 5 7 0 . 1 9 4 0 . 0 7 4 

0 . 4 5 0 . 3 8 2 0 . 3 6 

0 . 0 9 0 . 0 3 

0 . 3 8 0 . 3 2 3 

4 . 9 

10.8 

Table 3. Comparison between reorientation cross sections 
from microwaves and from the Senftleben effect. 

17a The field dependence is given by / x ( £ ) in that approxima-
tion where one reorientation relaxatin time suffices to de-
scribe the phenomenon. The present experiments show this 
to be the case. In the same approximation any theory, in-
cluding L M T 5 , yields the observed linear dependence of 

(E/p) i/i on xp; but only IT 3 ' 4 agrees with the experiments 
as far as the field dependence is concerned. The authors 
are indebted to Prof. J. J. M. BEENAKKER and Dr. A. TIP 
for discussion about these points. 

1 8 A . C . L E V I a n d F . R . M C C O U R T , P h y s i c a 3 8 , 4 5 1 [ 1 9 6 8 ] , 



Figs. 3 — 6. On the left : ( ^ s / ^ o ) aat vs- concentration and theoretical curves for three values of Q (see Figs. 3 — 6) . 
On the right: (E/p) i/t vs. concentration. 



Finally, for CH3C1 the collision frequency ratio 
7mw was been determined from non-resonant micro-
wave absorption19. The comparison is given in 
Table 3. The agreement is reasonable, but far from 

1 9 L . F R E N K E L , S . J . K R Y D E R , a n d A . A . M A R Y O T T , J . C h e m . 
Phys. 4 4 , 2 6 1 0 [1966 ] . 

perfect: in particular, the ratio /"Ar/rHe from micro-
waves is surprisingly low for this gas, especially if 
the same ratio for CHF3 , also from microwaves, is 
taken into account. 

The authors are very thankful to Miss M. C O S T A for 
her active participation to the measurements. 

Zusammenstellung der Koeffizienten für die Anpassung komplexer Streufaktoren 
für schnelle Elektronen durch Polynome 

2. Mitteilung: Thomas-Fermi-Dirac-Fall 

J O A C H I M H A A S E 

Sektion Röntgen- und Elektronenbeugung der Universität Ulm * 

(Z. Naturforsch. 25 a, 1219—1235 [1970] ; eingegangen am 5. Mai 1970) 

In der Arbeit werden Formeln und Koeffizienten angegeben, um die Beträge und Phasen der 
komplexen Streufaktoren für konstante Beschleunigungsspannungen 40, 60, 80, 100, 120 k V und 
spannungsunabhängig zwischen 40 und 120 kV für Atome der Kernladungszahlen 6 — 92 zu be-
rechnen. 

Unter Verwendung der von B O N H A M und 
S T R A N D 1 angegebenen Form der Thomas-Fermi-
Dirac-Potentiale: 

V(r) = - Z<?2 2 di exp{ - bi r} (1) 
r i=l 

wurden die komplexen Streufaktoren für Atome der 
Kernladungszahl Z = 6 — 92 für fünf verschiedene 
Beschleunigungsspannungen nach der Partialwellen-
methode berechnet. Die Berechnung wurde nach 
einem in einer früheren Arbeit2, die im folgenden 
als A zitiert wird, angegebenen und ausführlich dis-
kutierten Verfahren durchgeführt. In den in der ge-
nannten Publikation für Hartree-Fock-Potentiale an-
gegebenen Formeln muß man jeweils die Parameter 
Ci und di Null setzen und erhält die für den Thomas-
Fermi-Dirac-Fall gültigen Ausdrücke für die Berech-
nung der komplexen atomaren Streufaktoren. Im 
einzelnen ergeben sich folgende Änderungen. Für 
das Integral / 3 [Gl. (A.6) ] erhält man mit den Be-

Sonderdruckanforderungen an Priv.-Doz. Dr. J. HAASE, Sek-
tion Elektronen- und Röntgenbeugung, Zentrum Chemie -
Physik-Mathematik , Universität Ulm, D-7500 Karlsruhe 21, 
Hertzstr. 16, Bau 35. 

Zeichnungen a u s A : 

CO cc 
J 1 f U(r) Z s C exp { — 6,- r } 7 3 = - 2 J G0(r) ~ a " I N dr 

R R 

= a , . l ai{K0{ui) -S(ui,m)} (2) 

und damit für die genäherten Partialwellenphasen 
der Gl. (A.8) : 

~ k 2 ciiK0(ui). (3) 

Für die Streufaktoren in erster Bornscher Näherung 
/ B ( s ) , die zur Konvergenzkorrektur des Realteils 
der atomaren Streufaktoren benötigt werden [Gl. 
(A.13) ] , erhält man an Stelle von Gl. (A .14) : 
.d , . 2 Z ^ a i . 4 .t . $ . . . 
r(s)= a 2,fc72+S2 mit s = 1 smy- (4) 

Im Falle der Konvergenzkorrektur des Imaginärteils 
der atomaren Streufaktoren vereinfachen sich die 
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